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Abstract— A complete solution to the problem of an external circular crack in a transversely
isotropic body subjected to arbitrary shear loading is described. Explicit expressions are given for
the field of stresses and displacements in a transversely isotropic elastic body weakened by an
external circular crack. The crack faces are subjected to arbitrary concentrated shear loading. All
the results are presented in terms of elementary functions. The problem of interaction between an
arbitrarily located horizontal force and an external circular crack is considered as an example. No
similar result seem to have been previously in the literature. even in the case of an isotropic body.

INTRODUCTION

I consider a transversely isotropic elastic space. characterized by the following stress—strain
relationships
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Here A, are five elastic constants: u,, », and w are the elastic displacements in the Ox, Oy
and Oz directions, respectively. The equations of equilibrium are
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It was shown by Fabrikant (1989) that the general solution of eqns (1) and (2) can be
expressed through three potential functions F,. F- and £, as follows
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where all three functions F, satisfy the equation (Elliott, 194&)
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The values of m, and y, are related by expressions (Elliott, 1948)
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The other elastic constants used in this paper are:

Gy = BtyH. Ge=f-yH, f= 2;’;44
A A —A
e RS 2
The field of stresses can be defined through the three potential functions F; as follows:
o1 = 244 (( W = m )yl Fy + [ = (L4 ma)yAlFa
0, = 244 AN (F, + Fy +1F,).
6. = Ay :;-[(l +m )i Fy+ (L +my)yiF,)
= — A A[(L+m ) F, + (1 +m,)F,],
T =A44A£[(l+m])1’,+(1+m2)F3+iF3]. (8)
Here the following useful combinations of stress components are introduced :
g, =0,40,. 0,=a,—0 +21,., T.=71,.+IT,. )

The general solution (3) and (8) was used in obtaining the complete solution to the penny-
shaped crack problem (Fabrikant, 1989). To the best of my knowledge, the complete
solution to the problem of an external crack under shear loading has not been reported in
the literature, even in the case of an isotropic body. It is considered in the next section.

FORMULATION OF THE PROBLEM AND SOLUTION OF THE GOVERNING INTEGRAL
EQUATION

Consider a transversely isotropic elastic space weakened by an external circular crack
of radius a in the plane z = 0. Let arbitrary shear 7. be applied to crack faces. Owing to
symmetry, the problem can be reduced to the mixed boundary value problem for an elastic
half-space z = 0, subject to the following conditions on the plane z =
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o= —Tp.p). fora<p< x. 0 ¢ <2nm,
o 0. for < p <« U< ¢ < 2m,
a = 0. forh< p-< . 0<¢<2m (10)

The general solution through three potential tunctions F, was given by Fabrikant (1989:
Section 4.4) us
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where %, (x.1.2) is understood as y(x. 1.7 and z, = 4. As we see from eqn (11), the

complete solution is expressed through just one complex harmonic function y(x, y.z). This
function is related to crack surface displacements « by (Fabrikant, 1989 : formula 4.4.9)

~

Ap .o = ‘ | | In{y P = 2preostd — )+ 27+ Julr o fyrde dy. (12)

The governing integro-differental equation. which relates the unknown crack face dis-
placements u o the prescribed shear loading . 1s derived by Fabrikant (1989), and is:

N S aN *
N A l | R”(’dSA} = —1(Ny). (13)
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Here points MV and N, have the polar eylindrical coordinates (#. 4. 0) and (py, ¢y, 0), respec-
tively, R(N..V,) stands for the distance between the two points, G, and G, are the elastic
constants detined in egn (7). A and A are the operators defined in eqn (5), S 1s the domain
of the crack. in this particular case it is the exterior of the circle p = a.

Equation (13) was solved for the case of a penny-shaped crack in Fabrikant (1989:
Section 2.7). To the best o my knowledge. no solution of egn (13) for the case of an
external circular crack has been published so far. Such a solution can be obtained from the
continuity expression which defines the shear tractions in the ¢rack neck directly in terms
of the prescribed loading «. Such an expression can be derived from the results in Fabrikant
(1989 Section 2.6). namely.

| et ) d
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Here
K= - 2ppac0o8g) ). D= p gMe Pal, (15)

- Po

The main value of eqn (141 hes in the fact that now the shear stress is known all over the
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plane z = 0, so the solution of eqn (13) can be formally written as (Fabrikant, 1989 : Section
2.6)

= L41%(po, o) [t (po, o)
u(p, ¢) = 3G, ——2 0, dpy dy +1G, 0 dpg Ay
0 0 R 0 0 qR
1% 2(po. bo) " [ g7(po, d0)
+%G1 (Po: o) -po dpg d¢0+ G, q—_LO_po dpydeo.  (16)
Q d R 0 a qR
Here the following notation is introduced :
qg=pe’—p,e?. R =gqq (17)

Substitution of eqn (14) in the first two terms of eqn (16), interchange of the order of
integration, with subsequent computation of the relevant integrals, leads to the following
solution of eqn (13):
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The derivation of eqn (18) requires computation of four integrals, namely,
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where ¢ and R are given in eqn (17). ¢ and » are defined by eqn (19), and
f= e (24)
PPu

The methods developed by Fabrikant (1989) were used in computation of eqns (20)—
(23). 1 note that the integral in eqn (22) is easily computable in terms of elementary
functions. I did not perform this computation because eqn (22), after substitution in (18)
cancels out with the last term in (21).

Now expression (18) gives the exact closed form solution to the governing integro-
differential equation (13). The substitution of (18) in (12) allows one to compute the main
potential function ¥ which. in turn, defines all three functions F, in eqn (11); and, finally,
the substitution of F; in eqns (3) and (8) will give us the complete solution for the field of
displacements and stresses, respectively. Owing to the complexity of the integrals involved,
the procedure is very non-trivial, and it will be described in detail in the next section.

THE COMPLETE SOLUTION

The direct substitution of eqn (18) in (12). interchange of the order of integration, and
computation of the relevant integrals does not seem possible at first sight. Certain properties
of the integrands in eqn (18) need to be explained. which will prove useful in the future
computation of the integrals involved.

I note the following property

. 1 . H 3 I][_:( 1 —+ (_) _ g i N ;’] . fem felq’>”
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I introduce the following notation :
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Here the points N and N, are characterized by the polar cylindrical coordinates (r, ¥, 0)
and (py, ¢, 0), respectively.
I note the following property of symmetry
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B(N.Ny) = B(N,.N). B-(N,N,) = B,(N,,N).
B.(N.N,) = B.(N,,. V). (27)

Let R(M. N) denote the distance between the points M(p, ¢. z) and N(r, . 0).
By using egns (25) and (26).

( } A[B(N.N,)— B-{N. N, as (7 AB;(N.N,)- dSy (28)
| JS‘ 1(& RN 2lav. 1 R(A«l.]\") - JS EACA N 0 R(xM,N)

Here S is the domain of the crack. Integration by parts in eqn (28) leads to a very important
property

~n ”
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dSy. (29)

))dS\ - [ B, (N, Nn)/—\<»-
Ay

]
R(M. N))

R(M.N

v Ve

Two more properties can be obtained by application of A and A to both sides of eqn (29),
namely

ap . | ra 1
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Integration of both sides in egns (29) and (30) with respect to - will lead to similar properties
for In [R(AM. N)+ -] integrand. These properties allow one to avoid computation of integrals
involving B,. which look very tormidable. and compute instead the integrals involving
expressions B, and B~ which are more simple.

[t can be inferred from egn (11) that it will be useful to introduce the notation :

U= A7+ Ay, '=A7— Ay (31)
The complete solution. given by eqns (11). (3) and (8) will depend only on the first and
second derivatives of {" and }'. Since integrals involving B, do not have to be evaluated

owing 1o the properties (28)-(30). all the derivatives of U and V can be expressed through
the two fundamental functions. namely .

LM N = . | B (N.N,)In[R(M,N)+:z]dS,.
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Equation (18) ¢an be rewritten in the new notation as
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By substituting eqns (33) and (12) in (31) and using the properties (28)—(30). the following
results are obtained :

, G, G- [+ T . G- _ , )
U(M) = A ’ LiMNG = LMN,) (TN, dSy,
o G 1o 1
A LAMN )+ LN TN S
AN G , g
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te . « ) . .
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In order to find the ficld of displacements. one need only know the A and z-derivatives of
U and V' the field of stresses will be completely defined by the second A, = and mixed
derivatives. All these derivatives can be expressed in elementary functions, as will be shown
in the next section.

THE GREEN'S FUNCTIONS

The results of previous section can be apphed to solving the problem of a tangential
point force loading of an external circular crack. The solution will give all the Green’s
functions related to the case. [ consider an infinite transversely isotropic solid weakened in
the plane - = 0 by an external circular crack p = «.

Let two equal and oppositely directed tangenual forces of magnitude 7= 7. +17, be
applied to the crack faces at the points (p.. ¢.. 0 ). | show in some detail computation of
the tangential displacement w, which is defined by the tirst formula in (3). with the functions
F given in (11). From eqns (3). (11). (31) and (34) 1t can be deduced that only AL,, AL,
AL, and A°L, need to be computed. Since both L, and L, arc harmonic functions of (p,
¢. z), computation of A can be replaced by computation of @ /fz?. The functions Fy
defined by eqn (11) can be rewritten in terms ol {and V as follows
U, . L. 1,

Fo= R

Fo= - ‘ . ; .
drgm, - 1) : drm — 1) dn

(35)

Here U, and }, are understood as U(M,) and 1'(M,). and the point M, has the coordinates
(p. ¢. z). with -, = -, for k = 1.2.3. From ¢gns (3) and (34) -(35) it may be concluded
that
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The second z-derivatives of L. and L. are computed in formulae (A37) and (All) of
Appendix A, the quantities of A°Z, and A°L. ar¢ given in (A34) and (A42), respectively.
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So, utilization of (A37), (A11), (A34) and (A42) in (36) gives the complete field of tangential
displacements in the whole space weakened by an external crack and subjected to a pair of
tangential forces T applied at the points N, of the crack faces. All the remaining quantities
can be computed in a similar manner, with all the necessary derivatives of L, and L,
presented in Appendix A. The final results are
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Here Re stands for the real part of the expression to follow, the elastic coefficients are
defined in (6) and (7) and the functions g, are given by (for details see Appendix A)
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[t should be remembered that the notations . ¢. R, 1.5, R, j are defined in (15), (17), (19)
and (A29), respectively.

We should also notice the identities

e = ‘f\ 3 (a:*/'): _ M (58)
(I—-n'- 3§ a(l—=p'- s

and this means that the trigonometric functions which were introduced in various formulae
in different manner. are in fact the same. for example
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21/2 /202 g2y152 ,
tan~! <(1 d t’)“z) tan ! <4t az? Dlll/)z ): tan~! (“(az SIZ)m)—tan' <2), (59)
- i

and yet another example :

2 2pli2 1 _7y2
tan ! (W) — tan"' (M) (60)
(B—a)” (B—a)'"

Every function g; depends on the coordinate of the field point (p, ¢, z) and the coordinates
(po, o, 0) of the point of application of the force 7. We use notation g,(z) just to emphasize
the fact that one should substitute z, (k = 1,2, 3) instead of z when using formulae (37)—
(42). The reader can also notice the absence of g,(z) from the list above. This was not an
oversight, but rather to preserve in formulae (37)—(42) the form of solution used in Fab-
rikant (1989) for a penny-shaped crack, where the equivalent notation f, was used elsewhere.
The expressions (37)—(42) simplify significantly on the plane z = 0. The results are:
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o. =0, (65)
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The second and third mode stress intensity factors can be expressed through the de-
composition 7" = ¢, +ir,., which is related to 7. by a relationship 1™ = 1.e~**. Introducing
the complex stress intensity factor

kytik, = !ign,[(a—P)"ZT:C‘l¢]- (67)
From (66)
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In the case of a distributed loading. the stress intensity factors are given by
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L2 [ (pi—a’) “(pyt+ae” » )f(Po ?O)Po Po (po} (69)
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Note that eqn (69) 15 in agreement with (14).
Formulae (37) (57) are the main new results of this paper.

DISCUSSION

The complete solution, obtained in the previous section, is of great value because it
allows one to solve easily many complicated problems which were not even attempted
before. 1 consider, as an example, interaction between an arbitrarily located horizontal
force Q and an external circular crack of radius a: Let Q = Q. +10,, where @, and Q, are
the x and » components of Q. Let the force O be applied at an arbitrary point M(p, ¢, z).
We need to find the stress intensity factor at the crack boundary.

The solution can be obtained in an elementary way by using the reciprocal theorem.
We consider two systems in equilibrium. The first one is an elastic space weakened by an
external circular crack, with two equal and oppositely directed unit tangential forces
T = 1+ applied at the points (p,, ¢y, 0~) of crack faces. The second system is the same
space, with the crack faces tractions free, and the horizontal force Q = 0,410, applied at
the point M(p. ¢, z). For simplicity of the transformation to follow, we present eqn (37) in
a generalized form
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u=DT+D.T (70)
Here D, and D, are the combined tactors of T and T, respectively. The tangential dis-
placements at the point M(p, ¢.z) in the x and v directions owing to a couple of unit forces
T, will be, respectively,

(u)r = Re(D,+D-). (u); =Im(D,+D,). ()

The similar displacements due to a pair of unit forces 7, are

(u)r, = Re[(D, —=Dy)i} = —Im(D, = D,), (u); =Im[(D, —D,)i] = Re(D, — D).

(72)

Denoting the tangential displacement discontinuity in the x direction due to force Q.
as (A,)p . according to the reciprocal theorem, we have

Ay, = Q. Re(D,+ D). (73)
The remaining three equations are obtained in a similar manner, and they are
(A)')Q‘ = —Q.Im(D, ~ D), (A\)Q, = Q. Im(D, +D,), (A")Q\ =0, Re (D, —D,).
(74)

The meaning of the notation in eqns (74) is the same as in eqns (71)-(72). Summation of
eqn (73) with the first expression of (74) multiplied by i yields

(A)Q\ ={A)y +1(A), = Q.[D, +D:]. (75)
A similar operation with the second and the third expressions of (74) gives
(A)g, =(A)g, +1(A),, = Q.[iD, —iD:]. (76)

Finally, summation of eqns (75) and (76) results in

AQ :(A)Q\"HA)Q = Iin+D:Q- (77)

A comparison of eqns (70) and (77) shows how the reciprocal theorem can be used in the
case of complex forces and displacements: we can obtain the tangential displacement
discontinuity at the point (p,, ¢,. 0) owing to a tangential force Q applied at the point (p,
¢, z) by using the expression for tangential displacements at the point (p, ¢, z) owing to a
pair of equal and oppositely directed tangential forces T applied at the point (pg, ¢y, 0%),
by way of substituting Q instead of 7, and by replacing the coefficient of Q by its complex
conjugate. Using this rule. we have from eqn (37)

GG & 1 ([ _ G
Ay = 2n ,,Z]mk_l 1“|:.‘/:l~A)+ag7(_A)

G, -
0+ [gm(lk )+ ‘G—;gx(zk)le}

G, +G, B G- ) . ﬁ _
27! {[(/:(H)“ G, F/’(—l)j|Q+‘:f/|6(~3)_ G, gs(h):lQ}- (78)

The stress intensity factors of the second and third kind can be expressed through the
tangential displacement discontinuity (Fabrikant. 1989) as
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- [Gie WAL+ G A
hy+iky = — ——— " lim [ L& SeT Dt e
2n(GT =GR 2ar (p5—a’)'?

(79)

The limiting quantities, which need to be computed, are as follows

! N R—a?)' -
11m s 'qf,(, ,), l — (,,:,, aw),, ,
aR;

i

(P - )

A )z 3t (=1 :
lim { Wg—ri—’)— - % = { i ttan ‘ (‘ff 1)>—tan ‘ (uﬂ
py - (/)6 'a_)] _'/ a} (1 _ tu)s -l Y S S
(1—-7) | & -7, (@ =D

. gs(2) ? 2 a \ (U:‘szu)l a full(f)jflf)l :
lim ¢ - = p = el e tan | )* T |
o (o —a) (@ —pi) " (I3 —=a)'- (@@ —lii)a —p7i,)

, { 916(2) } | {(RH::)(/;I—MV s
lm (—F—— = = e
ol ((pg—at)t -t qu g.R; q.u

gt L@ =pti) N 2 (2 ae™ fa
+ 77;777 5 _77Aﬂ tan < ':"'7; - 5 ) - _ 7_'7 + 5 [an _
(a* —p T ) (i—ay' =) S.\q. ko S

_tan ' ((u‘ —[%)l:)]+ (/%—qz)l 2 it

(a—(a" =17)' 2)}- (80)
p3;

Here the following notation is introduced

R; =p +a —2pacos(d—d,)+:". 5,= pac"? " —a .

a
— ;)embf v,’),‘»q g, = p e et (81)

!

o

The overbar everywhere denotes the complex conjugate quantity. Substitution of eqns (80)
and (78) in (79) gives the required stress intensity factors. [t would be too cumbersome to
write the final expression explicitly. A significant simplification takes place when z = 0. We
can obtain from eqn (61)

G, [1 n\ Gs fz(l+f)r]}
Ap=—|=tan" ' )— —
¢ [R (R> G- [°

G.lg (n\ nf te* o feo -
N n |:‘7thn <R>+q<ﬂ(l_[) l)()(l_n)}Q' (82)

The limit can be computed easily

lim { AQ} _ & (P: jaz)’ : ,,l,, _ gj le (,.,,1,+ i[,) }Q
e lpy—an)tt) o a Ry Gid(1—1)

and 1ts substitution in eqn (79) yields
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®o [Q +G e’(pe " +ae ) _:l

R: G\ ppe " —ae i*)?

k1+lkz =
2.2
anT<d

(84)
with Ry = p~ +a —2pacos (¢ — ¢,). The result (84) corresponds to half of the expression
(68). as it should be, since there 1s one-sided loading of the crack.

The presented complete solution to the external circular crack problem provides a
powerful basis for solving various difficult problems of interaction of arbitrary located
forces with the crack, interaction between cracks, etc.
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APPENDIX A

Computation of various derivatives of L, and L. as they are defined in eqn (32) are presented here. The
simplest integral to compute is

I = Sl gs
: . RIM.N) ds,
e e ) P g ey )
e rpe(rp Y % —a?) [ +p7 = 2rpcos(d— )+
We use the integral representation from Fabnkant (1989}
,,,],, —_— R 1,_, G s EJ‘Y 7’%'% (A2)
RIM.NY 1 7 2rpeos{—in -1 7 T [ — p)gr(x) —r)]'7?
Here
1 -k / \
Ak ) = = N e fork < 1. (A3)
| +k° -2kcosd 7.
. . y -2 12
Ly = U+py ++ r=p)y =] glx) = .\'kl - j) . (A4)
x*—p?

The function g isinverse to /.. so that g[/.(r)] = r. I, 1s transformed by substituting eqn (A2} in (A1) and expanding
B. in the Fourier series:

MmOy

_ Ve e e
l, = >

[ER—— a

oy s rpg

'«a:e [ N a:e W - @ h\n
( ) S l2’l+l)(*”’” SR

|:3 7 Aprx g —yrdx }
x B N N A
T in [T = p Hg ) =)'~

— 4N pi—a ‘,, dx Uﬂw v
u: 1 N \,1 . /7:

3 A - - 5 - 1+ ﬁ;i e "o
— Y l)ﬁ:LI’ . y’(.\”) - a: (:Ile @ o, ) ,,,\;:ﬁ“fifid'\»
da RN S AR ) (/l _ “;ﬂe o 9, ).
' Y pPo
D TN I S I A
P | O I 2 I A (A5)

@) X g e

The abbreviation /5 stands tor /). as 1ts defined in egn 1A4). and
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L= 1) =3y (a+p): +:i—\/’(a*p)2 +22], &= @t L giwsy. (A6)

Po

The tfollowing rule of interchange of the order of integration was used in eqn (AS)

"y s x 'g(xX}
dr dx = j de. dr. (A7)
[2

Ju Jiin a

Now computation of [, has been reduced to an elementary single integral. The integrand in eqn (AS) can be
decomposed in simple fractions

(F I Bt ) . fiv et —( 24—12)53—«12;:2+2(:5’—1%)(52—1§)
X(xt—)? 2 F(x =) (x*—2%)?

(A3)

Substitution of eqn (A8) in (AS) allows one finally to compute

1 :n\/’p‘:'ha:?:j:ir(ﬁ?(|'~ - u,-r':\)' “*(LE;!L)
dlaen U @y T p

PP e +p +) +a L'u(u:—lf)12 } 1 [az—pzi 24a°
L BT : g 1E A UL P
-n- a* —1l7

(1—?)3”2 t-(l_f)‘jz

o (e (]
(1-p°? a(1—p'? (1-p'

where 1 is defined in eqn (19).
The next integral to be computed is
" [zB,(N, N, ol
I, = Jviv( O)dSN = __l' (A10)
R'(M.N) 0z

oS

Differentiating eqn (AS) with respect to =, we obtain

S S+ &) dx
a S =8t = ph)??

:27[:\7’,;,3)711:75 AT [%n"’(ﬁz(_azﬂ)_tan"( - )]
o« lu-nt a(1-p'? (1-n"

2 LRI
Lt [?!“\ /l;? Doy _‘i(lfl]} (All)
(1-0"L &£ (@ —IH'?

Application of the operator A to the complex conjugate of eqn (A3) yields

%

7 "y _ _ 2
Lo=Al = ns‘xfpﬂ; -»-pc“”j? o ) )dx
a’ JooT =) (= ph)?
S —a ) e dy N p(, {J -2 -5 )(x2+(»:2)d
hvg G ) T =)’ B X2 —e2)(x2 - p?)*?

{( e

1+l)la~ 2:: —p7) |
- —

(L=07p (1-02p?
@~ La—o’ 50 Be d=n*i-p?n  «(1-0(3-p*D)
| 2a° L -t 1522¢ N2 2
+ *[ : T a ")',Q+ ,J[tan“‘( @ ‘? )
pr =0t (-t (1-n7? a(l—n)'7

tan (( ]’ ;)\ )}: (A12)

By applying yet another A-operator to eqn (A12). we have
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o= AT = ng«@pe.o{A f At

LT +e7)
e A
a Ji,o X e ey (xm ) T

X

Lo =) (T - ph)t

= '

TR P% = {3.[ L _ea ) ":: * ’ij,,) dx.
a .

3 ! X ) (e P:)(:

"y

- 1577

M 2 - 10
S o L R L UL MY SR S (E S B R3S

The integrals in eqn (A13) are elementary, we can use the indefinite integrals presented in Appendix B for their
evaluation. The final resuit is

I, = A:J"' Mdsy = np? e N i,il-i l ‘ ?’)4[:(lé_:tf,}z[)(ﬁ:ai)z ’
Js RIM.N) a' R et A=) =)
_ B0 0@e -3 +f’l)+r’(1-- A o
P =0 ({li—pH)*? W IH et n

@ (—6+1— 185 +8) P (4848711381 + 81
+ + - :

prl—n? ol ot
1502 8@ - 1) at t M- pin
all =0)*p™(L—p*n) (@ =17 Lp (L U p'n

A 9+ 15¢—4r
_ --( B AR i A

r ou”
BV Y pz(lfl)}(lgfp:)Hw Pl n‘»“m Ly

1S(a”—p'ny  105:12° O - 1
- — o+ e N L (
(1—0 (a—-n* (-0 \

Integration with respect to - of eqn (A1) gives

(Al4)

I N B LI
Ly(M.Ng) = ” BN, No) In [ROM. N) 4 5]ds, — o 074 W D dima e
Js a ! 31 -0

R T S fat ot T
+iu/,(p'«/;)"|:—(L~"—3vl}+t((/5 a)t - :)(“ ‘*)f-fa')
il -n°

o

2

P Adr—ptT 2a° =°F (7 e I
+ — — ) tan ( e e )
(a=nt>\ =T Ioa=-n a0t

—tan <(|£n'7)]} (AL5)

Indefinite integrals from Appendix B were used here. Applicauon of the A-operator to the complex conjugate of
eqn (All) yields

N N IRt 2
+a(p:fv2u:)sin"< el )

)+2a"(a4711:i) “sin '( ERERCR
s t)

a’ 113(15 ,’)11)31/5fp“‘)”(}:i?/f')

1502 ‘ FURE , !/[\:(UE_/]‘)II*
S ) an (7 )
p (1=0 (I--n'= a(l 1)

L [r, s ) L
(1-1)° (as - 17) -

& ([ By(N.Ny) oy —d | U -t dE
2 gy e Y PO o TN ¢
e:“s R(M, N) dSy = 2n=tpe

N

P p(l-n 1l P
6+9r 141 3 (A16)
pr(l=n B—p 11w /]\

Yet another :-differentiation of eqn (A11) results in
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a2 L(N, N Fat_q? 1702 720N
Ef J\J w,o')ds;\ = 27‘(?2 \‘pn—a" {" l:tan" ( 47)
az* ] )y RIM,N) a (1= (1-n'?

—tn ,(f”w:—m”) L {a(aﬂzh”iz_f+ a(l+7) }r pa(li+p (i —a)"” }
a(l-n'? (1-nL &~-n1 (@ =IN35 G—pHUE-p' D=1

(Al7)

We apply the A-operator to the complex conjugate of eqn (A15), with the result

AU By(N, No) In [R(M. N) + 2] dS), = mlpe"ﬁu{z(lg @) [ !
s pi

a’

_ Mfﬁ_)] I Gl | {
0

pi (=10} 3p°(1—1)°

[ a@-ph & ] [ (@ i —a?)’ Z]V-p%
x| = . - — - -
prt—=0" p(l-1) P’ B2 —pp (1—1)?
i j|+ - {3(m~ﬂzt) 2d

a=0*1 plcl—n)' L (1-0? 11 —1)

2 |2 12002 2312
L L—:H:lan : ( ! —»--*>—tan ' (1-—([1—~[L>]} (A1)
a-n? (-0 a(l-n'?

Application of yet another A to eqn (A18) yields

144+ 6—] (2 —a?) i —

N s Jpi—d [ 23—a?)? 61
: H Ba(N. No)In[R(M., N) = 2]dS, = nrip? et XL { 2oa) ,<4+r+_)
s a' (B-Mpd—1)? -

S (gl 2332 . 2 a2 2
By b W)
3pt(1-n? (1=  pi—1

1=
2pP-h) a =gt z] {(1,— @)t Z][Mjplr),}_aiA a ]
(I=n" (1= L=t 1=t (=g
L Mi-a )"[a 4/’( % _7__2“_+6_(p_2711%)]
o 1513 )
+i[lia(ai—_ll]|: 6-"1 B {{(al—pfr]}+[a2—p2f— °t :l
p? a —1ly (-0 (l—rn" (1—0° (11}

{:a(a:—lf)”‘(’ 1 2a3¥2p:r(az~lf],'(l§——lf)) 2:j| |:3(a2—p2t)
O I LA R A SR S ot AL P A T AP W N ek i AL

prla =y =1 pria®—17) p* (1—1)?

24 IR }[ 1 g}g Iy N 1)]
SECE (-0 dlp*d—n p(a&zl\)( M- B-h

z (15((1:7031) 6a” 3527 }

l
! (1\1) p’t (=0t pra-0n

plr(1-0])' 7 L
) [P PAN BEAN 7 2 I
x Llan : (*’—»Lafi-)jv—)rtan ‘ ( ' f’ﬂ} (A19)
all -n'?* ) {1-0

Formula (A19) looks too long, and I have not found a way to simplify it. On the other hand, the same result can
be obtained by integration of eqn (A14) with respect to -. Such an integration can be performed by using the
indefinite integrals from Appendix B, and at first glance it is too long and includes various trigonometric functions.
Since eqn (A 19) contains only tan~' in the last line, then it may be concluded that the coefficients of all the other
trigonometric functions should be zero. This simple idea led to a relatively short result, namely,

(1—n° wl-ns (d-n?

2_ 12 35
j By(N.N)In[R(M.N) +:]dS, = nripl e X P {(1 ) [ !
5

a' IS 2(1—n*

Ry U (&‘Efﬂ{i;@;“_zﬂ
I(]—I (=pty p NP (1-=n* 3p?

”

o
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88T ARS8 ‘ oL ld (=641~ 18 +88)
s a . ol I § T — T LT
AR R pri(1--1)°
K 9r 2f - {lS[u oo 6a”
TS TR R PTR (N il
RGN e It 0
‘j tan | ‘ v ) an | - ;) ? (A20)
A Loatl oyt ol

As can be seen. cyn (A20) 1~ much shorter than (A19). and except for the last line, looks totally different. Direct
numerical computations show that (A19) and (A20) are idenucal. but since the author is in jail and has no access
to contemporary computer facilitics. he could not find a way to reduce (A19) to (A20) or to reduce both to a
third expression which might be even simpler then (A201. This is left as an exercise for the reader.

It is of interest 1o note that egn (A20) was obtained from (A14) by integration with respect to z. If we now
differentiate (A20) with respect to 2o we do not get {A14). we get something very different. namely,

(7 BN N e N VN (e L NS 1
A “ : O L I
o ROMONY a Fpidi 1 Ll s pin
- I (rx ’ 38 R i oy ‘ Hu "",)"‘
p:‘f by boon (RO pond N - g n’
205 (’H 23 )‘ ‘[2:( o a! ) Loy ooy 2|48 - 87 3817 4 817
AR A EENTER I TR P L 2p°(1 -0t
Il p N a6 180 - Ns )]
o } R |
) P L oil 0 Pl !
EITART b ISta p1) 3s5c
pIUS I el o e
] et ISt proy 105z oo @t =2 .
. “ o )-tan '<——’)¢- . (A2D)
el al Lalon (1D o0t ot a(l—0)'> |

Again. numerical computations show that egqn (A21) 15 identical 1o (Al14). but no way was found to reduce one

to the other or to reduce hoth to 1 third expression which would be simpler than both of them. Again the exercise
is left to the reader.

Application ol the A-operator to [om egn (AT gives the result

SBAONON) e T+ 1)
e T L (A22)
R oMo\ wota R I

Here j1s detined inegn £A29) and we used the property A7 o 0 Yet another application of A to eqn (A20) yields

A | | BN A I RO s,

Lo d i a lf(u PUIN2a ot I3y W 2aty{ 35 8)
Ty : (
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. - Rl e sl
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35 E a . 1401 S(a o) 17 /48 280 jl
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[y ¥ Qi w) o s a [N ERT 38 48
‘ i / i 3t | 2;):(1 -1y
RN i ] 144 3967 (90 - N6+ 1607
. g ST
A G
dv 2360 dr w0 a4 3 (s a)'
+ ] (/ TAR I "
ol g gl on A
N T T H ST VR A S A xf‘)[
. Lo n aeln

I

‘ 6o Sia P RIS 1‘ e i [ ] 1 )
ol o - Jlpw ivedd-n -0
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__ 1 ]V,_;RLEQ": _105(a’ ~p*1)
ptl=n] Q=01 Ll 0 (1-n*

2 12N AV 202 72412
NEIE: r][tan ( t ‘)—tan (;lg_m_m (A23)
(1—0)° (1—1)' 2, Coa(l—n'?

1t should be noted that

pe —re¥

AIn[R(M,NY+:] = R MR VT’

(pe*—re¥)?[2R(M, N)+z]
RY(M,N)[R(M,N)+z}?

A’In[RIM. N)+:] = ~

(8R*(M,N)+9zR(M.,N)+32°

A'In[RIM,N)+z] = (pe¥ —re™)
nlR( J e re R (M, N)[R(M,N)+2z}}

(A24)

Though I can not compute L,(M, Ny, as it 1s defined in eqn (32), I can compute all its derivatives, The simplest
to compute is (Fabrikant, 1989)

;o "J' =B, (N, Nu)dS T 1 wan ‘<[(p§—a2)(r2—a2)]"2) zrdrdy
' J s RY(M,N) ‘~7J(, J R(N.N,) aR(N, Ny) R¥ (M, N)

2n ltps —a )3 - a®)]' )
= —————tan " - - =) 25
R(M. Ny 28 ( aR(M.Ny) ) (A29)
The next integral to compute is
- J BE TS B (N, No)dSh. (A26)
JIs RY M. N)
The integral can be expressed through J, as follows
Iy = J A, dz. (A27)

and it can be computed in the same way as it is done by Fabrikant (1989, Appendix A4.3), with the result

S ups—al)uzfaln‘-3)pe‘¢—re"ﬁ
J, = tan ' drd
: L J RIN.Njy 2" ( aR(N. No) RN v

L PO (0 St 0 A W (N W U el Ml SRR R (3
=3 {tan ( . >~< R“lan (R())+ . I:tan ((al—l%)m>~tan )it (A28)

Here we introduced the notation

Ry = RIM.Ny) =/ p°+pi —2pp, cos (9 —do) + 22 s = /ppo ™ * —a’,

5= /ppoe RN ISR . N ;15\ 1 —d*a. (A29)

Integration of eqn (A28) with respect to = yields

(= 1 wan ! [(ps —a*)(r* —a)]' N e’ —re¥yrdrdy
) aR(N,N,) )R(/\l. NIR(M,N)+7Z]

o a /

b} ; AP PP — ) _ 1=
= ;R{Ro tan "' (RL>‘:tan : (xﬁ,,,i)+\/p6,az [V/’l—gtan‘l (i(‘L)

0 a (2—a?)'?

(tan" (—;)—tan" <§>>]} (A30)
(@ - a

L Y

Here the following indefinite integrals were used
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fail —0) . ]
I Jtan ! = —sin! (*)1 (A3l)
A (x([ffaz)‘ 3) h

/ 3 { § ’ -

U A L S A 0 Ve
[R() tan (Ru)d_ = Rutan (\R<: ) s

and the identities
pitls —a* O = Dy = @ R ) 1 peee T ppae M = RGP, (A33)
¢ was defined in expression (15). Application of the A-operator to eqn (A30) results in

T et e RRIMN) o]
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( aR(N.N) R(N.Ny)

/
/

2n (Ry~ = i 2 e a!
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R S el (A34)
/J_llf:)" /\

The following identities were used here

Af

()
Atan ' U(‘

\(/E
Atan ‘[

N

1 / pe |
Atan '] = R - (A35)

Applying vet another A-operator 1o eqn (A34). the result 15

aR(N.Ny)

NI AN Pea™ rdrdy
) R(N.Ny)

tan (

" [ (pes—re ) [RRIM.N)+9-R(M.N) 1 32|
. RUM. NN RM Ny + 2]

JuoJa

27 (3R} +6-°R; - = ; - ocat
il 3R tf’— R an ( ! )—— étan (el )
g | TR, R 5 * a ‘

+ l')”'tjt‘ o ‘/ : verd - . g’“(p; - WZCM']L (A36)
5/ R+ Ll Riq qp

Differentiation with respect to = of eyn (A25) leads to the integral
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a” BN No) o j j( 1 322 )t . <\/p(2,—a2\/r2—a2) rdrdy
= T = — an
6z))s RRM N Jo ). \R*M.NY  RA(M,N) aR(N, Ny) R(N, Ny)
z i j B—p* 2
= Zn{— Ztan”! <i> e [ii - A}} (A37)
R Ro/ zR+B-01 R}
Application of the operator A to eqn (A25) yields
2 J’“’ 3z(pe® —re*) tan-! (V”pf,-azv/rz—ai) rdrdy
o J«  R(M,N) aR(N, N,) R(N. Ny)
. 0
- 2n{~q—tan“ (L)~ / [”e —i}}. (A38)
R} R/ R+ - R}

0

Yet another application of A-operator to eqn (A28) yields
A, = — b %3(p6l¢_relw)ztan" V/pf]—az\/rz—az) rdrdy
0 Ju R3(M,N) aR(N, Ny) R(N,Ny)
:E{‘ZGR%*ZZ)tan ‘(L>—gtan" ((pé_az)l/2>+ i [i
q gR} Ry} ¢ a R2+j7 [ RE
202 a2 2012y id, <
s 7}(’)“ <) <:+p°e )[tan"(—s )
(= =17) § 9 3 (@ -2
_tan-! (E)}_‘_ (ps—a’)'? [(az_l%)uzpo e _ a_e""j|} (A39)
a 5t ppoe TP
The next integral to compute is A/;, and from (A9)
B,(N, Ny) _ r b2 2912 a(a®—1)'"”?
N[ e 9= oeimar i 1o @1
72 72 il,’Z 2_[2 1/2
AT {ta i ((1 7“’>_[an71( E? 3:)2 >]} (A40
—n* -l a(l1-Y
Applying the A-operator to (A40), results in
B,(N,N b2 V122 g2VIAR (a2 2T
AZJJ 2 ( O)dSN:Zn'D e (py «az) (20 - 1)2 Z(a + 1—). (A41)
s R(M,N) BG-GB =10
Integration with respect to z of both sides of eqn (A41) yields
,—2 N R f[ 2712 152
A? JJ By(N,No) In[R(M,N)+z]dS, = 2n— p’ e*?(p; az)“z[ o7 =)
s a (@ =B —p*D)
a » (az_pzf)uz
- ((l%—aZ)”z A9

(& — p?*7?

Application of yet another A to (A42) gives

AP ” By(N, Ny) In[R(M, N)+2] dS,
S
[ & +2p%

B(a*—p’D)

Px!
)12

7 . ) 12— gty
=2n;p"e3“”(pafa- { ooa)

(@ ~1in(a® — o’
2@ -1} ]_ 3
(a

2 _ p2pi2
(B=I@ =001 (a*=p'D** _l<(a P >} (A5

(1% _aZ)l/'z

a*+p*t
B —1)

The following identity was used here
peupaZ(lg_aZ)er |:t— a27p2t—}

Atan~! (mlipzﬂl :>: _
G-a))  B@ @ -Enl B-i

(A44)
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APPENDIX B

For the readers’ convenience. | present here some regular integrals which are not explicitly present in the
tables

dx ] ‘ /)\ 'u" \5 .
BT - tan ' s 7) (BI)
a Xt hy b ! L P
[ dy R R ho ot Ny a— X7
J —_— = e e ¢ Jtan A B ) ! (B2)
N e AR b a) Ly f o 2h°(h o xYWh —a)
da | fa X )
S - i tan ( > ! (B3)
VIR [ B S B ST A Vi P
i da |
— = Stan (B4)
YT —pT ) T ) x(p %)
dx )< Ayt TR ) op 1
J S a2 LT “ =l etan [ ! i - A }
(X" —=p7) (x" =27 2af(p - ) Vot (P72 20 =) pt X -
(B5)
dx 1 N v /2 3 (.
J*i" Ty = o tan [TV L e egmmmm | e )
(X" —p7) (x"—x) o ox) N A T L PN Y SRR
(B6)
[ d.V 6x- )z X \‘ Il
(X" —p7) “(x=27) 2x(p -a) C LYy T
v TR i )
N . . . CoTt T . (B7)
) N e [ 2y pp s 2y v - 1)
{ dx | \ )
—— o= tan L v ! }
g (X =p7) H{xt —x7) wUp o owt) (TR
\ l D 3 4
+ el IR T
I5p-(p- > IV e Lt o (v oty pi(xT = pT)
10 8 15
o =y e b (BS)
P =y pt (pr =)t
[ dx o= Rt (A N
TNy T aa T e L kN L* .
Jem—p7) (e -at)y 2apt—x) Xy

o \ L 10
2t e WpT et 15pTpt w n ept LipT YT —pt)

3 + 20 8 45
. - = s e - ———— | (BY)
(x= - p7)° g pr gl ) p4 (p-—a2)

I present below some indefinite mtegrals involving /, and /- wiich were used in this paper

PR co ‘ Lv s e N P
[tan Weya —Ihdz=czwn (o @ 1)+ —\:‘.in ‘ ( " P i——(fu—fi"jsin | (%”
e Ve N I PRPEE /1\ l+("((1”7/]),

(B10)

v

Here ¢ does not depend on -

SN AR AT T R ‘ .y i
[tan : (—N Yoo s = can ('\' S | -+ R l\m | 'd ) VAL P G (4\ a, /)?’)ZI,
J agl—t J a1 -1 N Y N
(B11)
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Ll -1 .
tan o/ et ) do = ’Ttan ey d =17
J 3

_ L{ ,?:7:{/’ L@ }[P: RS Gl )
3c |V 12 L +d ) 2 A(1+a*c?)

a/1+c2(d* —p?)

I

L1+ (@ —1)
. i[an ‘ \V[\ as i7/& B L]/j[ \/ _12 11 pll
3 a1 -1 3y 270

‘ o 2y 252320
+(a3+§p* ¢ )sin" (£j+—""v—(a b )Sinfl (
\ : ! I3 at

2,202 / bt — oIy
L ;}sin : (ﬁj+ i i) O (
V+a [3/ (,-(1+(.2a.)3Jz

Jat-pi
JB—-pit

22 h: PN Sl .
— a»p_iiiuj + [i +a —-b*lsin~! E
b, 2 L3

allz -a)' > (0 —a Wb -a'p)) —5 . (11
+ o e IR plsin ! e ).
: b* p p /0=

3h-

Here b and ¢ are the quantities which do not depend on -

/k 1, B S AT T A Y T

NERPEISE (=@ —p?F) .
+ ,3;7 Ctya —ptt ar? s
2071 N a2y - o : ’
: (/ﬂlf‘w)(lzii)(}' _ (< —3g 2fl )[V/[g_—az—acos-
| S TR L S PO CRP

a [ <
— ——| =—cos -
cptl2a -

7*} [3“: e 4(a2—c2)][
ST B 2
203 IS p?—c?

N I 0 :| 1 [ '['T”ﬁ s “ﬁt | ( 1%—02):|
| o Ve e —ptan T [ Y=
P w(") plpr—cH | > Ja—-pt

'\7\)}777 P . 2> —¢c?) [JT{—?
Sty At =Y L)

L ) !
: ]* [ZP' —a =2+ ) (p? _az)(_z
o

{

b —p?

2

a’—p’t

JE=pt)

2

)

+£ﬁii‘,fM{ ' «y/%—ai)f N ]
pHp =Y 2, a8 -pr Va-pt) 203-pY
a‘dz C o hLd: a L fa 2a° 4+ p° . i2-a’ 5-a
S s a3 i = _Los (7)+~ —— 7tan = |— N
a”—17)" (3—-p™y' - 0 L) 2prSat=p? \/az—p 2(5—pH

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)

(B18)

(B19)

(B20)

(B21)
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j a*lidz '[ Liid: alda + p*) ](/a]
. = T30 = - N cos
B@-6y*  Jda-pe 20° 2/
R L gy s
el e S ()
< s liep) a—p 2p° Vai—p°
a? -3 d: —f . . lip L—a @t ph)
J.__% = a{\/’lgfa‘<a‘fp‘ + ‘7‘) - ;Vdi ' ,a‘{ ‘ ‘flf,
I3 —o° 2% S0 x o
—icos T (— - S e g — gt M X

dz 1 {a a ca N
J—,——~= “*{*utcos ‘ (E)+ LI
Ja =B —a%) a(x- by 0= Ld T

2d: e A U A S / Coph'? s
[ (i el e (2 ()

Ja-RG-ph) o« w3 AT L o’ Vai-p

(B23)
/ 202 24 o 22
J‘l/.fi__['_(i‘_Lf‘Q dz= — “w ~-tan \_l({ ,,[[_1_\‘);[‘)_ (B26)
(3-1ina® —1in° (@ —p°n'- \Q @ —pts e =linta —ptn
All the integrals involving /|, and /, were computed by using the substitutions
BN TN et BN S T
/) I8
{313 TR

dz= — 214y, or d--= Ll (B27)



